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Abstract

The heat equation with homogeneous Dirichlet boundary conditions was solved for a slice
of pie cooling on a slab of ice cream. The method was finding a Green’s function for a source
term, then modifying it to solve the original problem. Evaluation of the series solution showed
that it took 22 minutes to cool the pie from 375°F to 85°F. The reference was the course
notes [1].

Note: This was the term project for the course ECH 259 (Advanced Engineering Mahe-
matics) at UC Davis taught by Prof. Greg Miller

1 Introduction

Consider a piece of pie with the following dimensions: radius: 57, angle 40°, and thickness: 1.5”.

T

Assume the pie came out of the oven with a homogeneous initial temperature 375°F, and rests on a
slab of ice cream with constant temperature 32°F. The room temperature is 70°F. The objective is
to determine how long it will take the pie to reach an average internal temperature of 85°F. Assume
the temperature of the outer surface of the pie is equal to the temperature of the room. The first
step is to solve the problem analytically. To do this, the problem will be modified, but in a way
so that a re-useable Green’s function can be generated. Then, the Green’s function will be used to
solve the original problem.



2 Analytic solution

The heat equation is

or

5 =~ © AT
Where
T = temperature, °C'
t = time, s
a = thermal diffusivity = %, -
k = thermal conductivity, m{C

= density, :T%
. ) ;
cp = specific heat capacity, e,

The problem was changed into the international system of units. Using this change, the objective was
to solve for time at which the average internal temperature of the pie reaches 29.4 °C. The thermal
diffusivity of custard was measured by Betta, et. al (2009), and found to be 1.34x10~7 £+ 0.037"72
[2]. This was used for the thermal diffusivity of the pie.

In cylindrical coordinates, the heat equation is
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Subject to the boundary conditions
T(0,7,6,2) =190.6
t,a,0,z)=21.1

) =

T(t,
T(t,r,0,h) = 21.1
T(t, 7’,9,0) =0.0
T(t,r,2m/9,2) = 21.1
T(t,r,0,2z)=21.1

The first step is to get rid of all of the room temperature inhomogeneities using a change of variables.

u="T-211

Now, the boundary conditions, in °C, are

u(0,7,0,z) = 169.5

u(t,a,0,z) =0
u(t,r,0,h) =0
u(t,r,6,0) = —21.1
u(t,r,2w/9,z) =0
u(t,r,0,2) =0

There are two inhomogeneities remaining: the initial condition and the pie-ice cream boundary.
These will be dealt with by changing the problem again to include a source term made up of Dirac



delta functions located at the coordinates of the inhomogeneous boundary conditions. This allows
one to integrate over the domain and only recover the inhomogeneities where they are relevant.
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The next step is to take the Laplace transform of everything.

E {erc(t7 T, 97 Z)} = Gsrc(5> T, 97 Z)

The heat equation becomes
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The Dirac deltas are zero everywhere, except for when ¢ = ¢, thus
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At this point, the boundary conditions and initial condition are all homogeneous, because they have
been accounted for by the source term.

Gsre(0,7,0,2) =0

t,a,0,z) =0

Remark 1 (Solving the wrong problem). The boundary conditions are all homogeneous because of
the delta functions in the source term. Thus, this is not the same as the original problem. However,
by solving this new problem a reuseable Green’s function can be obtained, which will be used to
solve the original problem by integrating it over the inhomogeneities.

2.1 Finding the re-useable Green’s function

2 . . . . . .
Now, the term Z (g;*c can be recognized as a Sturm-Liouville operator. It is expanded using a sine

series.
nmz
an(s,r,0)sin ( —

H

Mg

Gsre(s,1,0,2) =

n=1

a, periodic in z



Substituting the definition for u into the differential equation yields

[ |1 2 e )
+Tl263_922 [ian o1 B)sin (mrz) = Li::an s,7,0) sm( i% )]

1
—I—E5(r —10)8(0 — 09)6(z — 29)e*"

Evaluate the z derivative. Then, integrate everything over the domain of z, and multiply by a

. . . . /
particular eigenfunction, sin("zZ*)

H mrz n7rz
an(s,r,0)sin ( — sz'n dz
[ [Srtermen () n (757

10 0 | = . /nTz n'mz
:/0 3 (TE [Z an(s,r,0)sin <T>]> sm< )dz

H1 9?2 | & ] n'mz
/0 T [;ansresm( ) 3m< )dz
/ Z ( 0)si <n7r2) (n27r2>- <n7rz)d
— an(s,r,0)sin [ —— sin z

0 — H H? |

+/Hi5( )30 — 60)5( — z)e—*tsin [ ") d
. ra r—170 0)0(z — zp)e 0 sin H z

Rearrange, recognizing that the coefficients a,, cannot be pulled outside any derivative, but the
sums of the sine functions can be. This is because everything in the equation is a linear operator,
and the sines are not a function of r or 6, the variables the remaining derivatives are taken with

respect to.
H o ’
s nmz n'mz
— an(s,r,0)sin (— sin dz
[ et (7)o (757

n=1

/ rar ( aa (57, 9)) sin (%) sin (",Hm) dz
+/O Z :2 88022 (an(s,r,0)) si (% sin (n—”gz) dz
_/O nz:lan(s,r, 0)sin (%) (”;7;2) sin (”Hm) dz

LS 10)5(0 — fy)eo /OH 5(2 — z)sin (";Im> dz

ro

N

Recognize that the infinite sums are zero for all instances where n # n’. Thus, the infinite sum over
a function of n times a function of n” works like a Kronecker delta, d,,,, collapsing the indices. This
also changes the index of the sine function in the source term. Also recognize that when integrated
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over the domain, the z Dirac delta in the source term returns any function of z in the same integral,
but evaluated at the inhomogeneity, zj.

H
/0 ia (s,7,0)sin? (%) dz
A10 0 a2 (1TF
_/0 FE(TO_ (57“9) <7>dz
2

3

710 a2 (1
+/0 ﬁ@T(an(s r,0)) —) dz

H
—/ an(s,r,Q)sinz mrz ( )
0

1 st N2
+E(5(T —10)0(0 — Op)e *"sin ( 7 )

Now, the integral of sin? (%) must be done. This is done easily using a trig identity substitution,

and even more easily using Wolfram alpha. However, trig identities are hard to remember but are
easily obtained using Demoive’s theorem.

Remark 2 (Demoive’s theorem).

Start with the Euler formula e = cos(0) + isin()
Recognize that (ei9)2 = %0
Thus (cos(0) + isin(0))* = cos(20) + isin(20)

cos®(0) + 2isin(0)cos(0) — sin*(0) = cos(20) + isin(20)

The above is an equation with real and imaginary parts, which can be equated separately.

Re : cos*(0) — sin*(0) = cos(20) Im : 2isin(0)cos(0) = isin(20)

Use the left one to get a trig identity for sin?
sin®() = —cos(26) + cos*(0)
sin®(0) + sin*(0) = —cos(20) + cos*(0) + sin*(0)
2s5in*(0) = —cos(20) + 1

sin(0) — %(1 ~ c0s(20))

Returning to the main problem, use the identity to solve the integral.
H H
1 2
/ sin? (mrz) dz—/ = (1—003( nwz))
0 H 0o 2
1 . [ 2n7mz
=— |z —sin
2 2nw .

1 . 2nmz H H
= — |z — sin —_— = —
2 H 2nm 2




Now put the solution to the integral into the four places where it was found in the last statement
of the main problem.

S H 10 0 H

aan(87rv 0)5 = ;E ( a_a (877‘, 9)) ?

1 & H n?m?\ H

+— Y (an(s,7,0)) 5} —ap(s,r,0) ( 77 > 5
1 Sto nmzop

Collect terms.

s n2n? 10 o 1 2
an(s7r7 6) (a + H2 > 7"87" ( a_a (3,7’, 6)) + ﬁ@ (an(S,T', 9))

S(r —10)8(0 — 0p)e " sin <n7;0>

+Hra

The z expansion is finished. The next step is to conduct a similar expansion on the g—; Sturm-
Liouville operator. The same steps are used. First, propose that

(s,r,0) :anm )sin (m77r9>

=1

Where
P =40° = %’r
bum zero at € =0 and at 0 = @

As before, substitute the sine expansion into the differential equation.

55 (3] (- 52) = [t on (9]
7"12 88922 ([i b (5,7 52“( 129)]) + Hi&d(r—ro)é(e 0o)e " sin <”7THZO>

Take the second derivative with respect to 6, Multiply by a particular eigenfunction and integrate
over the domain. Make sure to treat the term with the r derivative and the following term together,
as later it is necessary to put it in the form of a Bessel function.

(2 T 7127;2) / anm s,1)sin <m£0) sin (mZQ) do
= 3 [ (rgptemtenoin (50)) - (b,m@,r)sm (270 (227)

Y2 nwz m/nl
— _ —sto . ; 0 .
—l—/o Hrozé(r 70)0(0 — Op)e " sin ( i > sin ( ” ) do




As before, the sums act as 6,

(s n?m?
=+
«
Y110 ([ 0 , 0 0
:/0 [;E (7“51)7”71(8,7")8@712 <m;)r )) ~ ( )sin (%))] do
2 st N2 mm
—l—md(r —ro)e” szn< Vi )/0 d(0 — By)sin (7) do

Note that fow sin? (m”(’) df = 7/9. Integrating the delta function over the € interval yields the

function of 6 evaluated at 8,.

G“

s n’r? 7r
(o5 ) om0

_ [%% (rgbnm(s 7’)) - ZZZT; (bnm(s,r))}

s
9

2 0
+HT&(5(T —ro)e *sin (%) sin (ml O)

Simplifying
s nir?
(a + F) bum (8, 7)
10 0 m2m?
= 15 (rgrtmts) = T Gunts)]

18 sty .- ( 7TZO> . ( mmby
7THT045(T ro)e *sin 7 ) sin "

The expansions for z and 6 are now complete. Recognize that the middle term is in the form of a
Bessel differential equation, which can be represented in the following form:

_|_

{% (rﬁ Jy(;m«)) - m72 (Jy(k:r))} = —k2rJ,(kr)

Where
k are the eigenvalues of the Bessel function
v is the order of the Bessel function

mm

o Thus, a Bessel series expansion is proposed

7“) = Z Cnml(s)‘]% (kmﬂ“)

In this specific case, v =

Where
Jums is the ( %)th order Bessel function of the first kind

kna is the I zero of J%



As before, substitute into the differential equation.

s 12t —
(a + =5 )chml(s)w (ki)
=1

110 o0& m*n? [
= . [5 (TE chmz(S)J% (kmﬂ“)> - W (Z Cnml(S)J% (/fmlr)>]

=1 =1

18
0(r —ro)e”"sin <n7T20> sin (mﬂe(J)

THro H P

Rearranging,

( " ”;1772' ) icnml(S)JT )
_ icml(s)% {% (T%J@; (kmlr)) _ ”;;7;2 (s (k:mlr))}

=1
18 sty .- ( nwzo ) . [ mmOy
+7TH’/’056<T ro)e” *sin 7 ) st ¥

Once again, recognize that the middle term is in the form of a Bessel differential equation, which
can be represented by —kfnlrJ% (kpur). This can be proved by directly substituting the series
expansion and evaluating the r derivatives of the Bessel function. Multiply everything by r and

then substitute.
s N n2m?
« H?

=— Z cnml(s)kfnlJ% (kpur) T
1=1

18 0
+7rHra5(r —ro)e sin <m;0) sin <m27; O) r

Don’t cancel the common factor of r, as later we will want to use it as part of a convenient definition
for Sturm-Liouville orthogonality of Bessel functions. Next, multiply by a particular eigenfunction,
Sz (kmyr) and integrate over the domain of r.

Qlw

) Z cnml(s)J% (kpur) r

0

¢ 18
+/0 7TH7"O[5(T —1r9)e " sin (TLZZO) sin (m;%) Sz (Kyr) rdr




Rearranging,

o0 2.2

s n°m “
chml(s) (a + 72 ) /0 Imn o (ki) Iz (Kype) v

=1

= Z cnml(s)k:gzl - / I (ki) Iz o (Kype) T
0

1
0 18 “o(r —
+sin (nﬂHZO) sin m;; 0) e~ 5t T /0 (r " ro) I jp (B ) v

Now cancel the factor of r that is in both the numerator and denominator of the source term.
Recognize that Sturm-Liouville orthogonality can be applied. This relevant property is

(a1 (kma)]? 1=1
141

Also, recognize that the delta function in the source term returns the Bessel function, but evaluated
at rg. Applying orthogonality and the delta function property

s nPr?\ 1 2

et (3458 H ot
1 2

= —cnml(s)kfnli [QJ%H(k;mla)]

. (nmzyN . [(m7mby\ _,. 18
+sin ( i ) sin ( ) e tO—J% (Kmiro)

a 1
/ Jy (kpur) Iy (kppr) rdr = {2
0 0

(0 THao
Rearranging,
s n2r?
Crmi(8) (a + 70 )
= —Cmi(8)kly + 50 <mTHZO) sin (mz;@o) e~ 5t 50 5 Sz (Kmiro)
[aJ%H(kzmla)} THao
Simplifying,

2.2

s  n°m o o/nmzg\ . [ mmbly\ 36
nm _ kz = < ) sto mm km
Crmi(8) (a + gt ml) sin (== ) sin < " ) e aZJ%gH(k:mla)?THOsz (kmiro)

Rearranging again,

om27r2

2\ _ —sto. (N2 . (mmby 36
Crmi(S) (s—l— L +akml) —e tosm( 7 )sm( " )GQJ%EH(/%Z@)WHJ? (Kmiro)

Solving for ¢,

o) o—sto i (mrzo> y (mw@o) 36 Tz (o)
nm = 2.2 m mn (KT
O =m0 ) o (50 @ e (i
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Now that ¢,,,; has been found, the solution can be put together from the expanded series. First,
show b,,,,,.

i T) 50 sin (mzo)sm mnbo Jmz (kpiro)
— Jage (ko WHaQJ?nTWH(kmlTO)(kmla) H (0 KIS

e—sto

Second, put together a,,.

mm6 36 . /N2
an(s,r,0) Z Zsm( ) mr (K1) Ha2J?n7,T+1 ) sm( 7 >

m=1 [=1
. [ mml, e
sin Jmx (kr
( (% ) “’( lo)s+ozH2 + ak?,

—sto

Third, put together G,..

Gre(s,7,0, 2) Z 218271 <?> sin (—¢ ) JW’(kmlT)wHangnJH (kmua)

Putting like functions next to each other,

G0, = 33 i ("2 i (772 s (7 i (m1;9°)

n=1 m=1 [=1

36 eiStO
7rHa2J?n7ﬂ+1 (kma) s +

J% (k?mlT)J% (l{?mﬂ”o)

Recall that G,. was the Laplace transform of g,,... This must be undone by inverting the previous
statement. At this point, the green’s function for a source term has been obtained.

Gsre(t, 7,0, 2) = f: f: i sin (%) sin (nWHZO> sin (m77r9> sin <m;rjt90)

36 e—a(t—to)("zgg

o) H (e — 1)

Where
H is the Heaviside function

In the next section, this function will be used to solve the original problem.
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Remark 3 (Mellin inversion). The Mellin formula was used to invert the Laplace transform using
the residue theorem and a contour in the complex plane. The first step is to rearrange the function
to be inverted, giving

Qefsto
P—+s

Gsrc<57 T, 67 Z) =

Where
Q = S0 S iy sin () sin (2352 sin (252 sin (2222
Tz (k) T (Kiro) i

WHG2J%”7”+1 (kmia)

_ n?m? 2
P = o + ak;,

Next, invoke the Mellin formula:

f6) =P =5 |

Y+100 Qe—sto

std
P+s6 s

- omi

—100

The next step is to draw a contour in the input space of the function.

Pole at
2= P R(2)

° 3
& 7 »

A

The integral that is desired is a vertical line from —oo to co at an x value of v, which is chosen so
that all of the poles of the function lie to the left. The only pole has multiplicity 1 and is located
at s = —P. To use the residue theorem, a closed contour must be used. Close left, yielding three
more segments that must be evaluated, T', Cr, and B. The residue theorem gives

%:27ri2res:f—l—T+CR+B
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Analyze T and B, using the change of variables z = x +ir or 2 = x —ir. Argue that both approach
a horizontal line as r approaches co. Both go to zero.

0 —sto st 0 —(z+ir)to ,(x+ir)t
T = lim Q ¢ dr = lim @ ¢ ¢ dr =0

r—00 + s r—00 " P + (],‘ -+ 7,7’)

o —stoest o1 e—(:c—ir)toe(ac—ir)t
_TILH;Q/ dx—rliraloQ P i) dr =0

Analyze Cr using a different change of variables: z = re®.

3m/2+¢€ e—rewto reift

Cr= Thj& Q e Wriewcw =0

Since the arc and line segments are zero, the integral that was desired, I, can be found by

QWiZTGS =1

The residue at s = —P can be found using a simple formula that applies to functions that can be
represented by F' = £ and have X(s) # 0 and Y (s) = 0.
——Pty,—Pt P(to—t
res(a) = X(s) _ Qe o _ Qe (to=1) _ QP
Y'(s) 1 1

Using the residue theorem
271 Z res = 2mires(a) = 2miQe 1)

Returning to the Mellin theorem

1 y+ioco Qe—sto 1
t) = — Std — 9w —P(t—t0)
1) 2m’/7 Pyt 18T gy tmee

—100

In order to enforce that ¢ must be greater than ¢y, add the Heaviside step function.

f(t) = Qe "V H(t — 1)

Substituting back the definitions of ) and P yields the inverted statement shown previously.

— i i i sin (n_;z) sin <n750> sin (mTWH) sin (m;@o) Sz (kmﬂ")J% (Kmiro)
1

n=1 m=1 [=
36 <7o¢n2”2 +ak? )(t*to)
e H2 ml H(t—t
WHaQJ%TWH (kpua) ( 0)
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2.2 Using the Green’s function for the particular problem

The green’s function must respect the boundary conditions of the original problem. After the ini-
tial change of variables, all boundary conditions were homogeneous except for the pie-ice cream
boundary and initial temperature. For the boundary condition, —« times the normal gradient of
the Green’s function with respect to the inhomogeneous variable, zy, and evaluated at the location
of the inhomogeneity, zp = 0, will satisfy the BC. This integral must also contain the value of the
inhomogeneous condition, and must then be integrated over the other variables. Let this part of

the solution be wu;.
a src
1(t,r,0) / / / g

However, the problem also had an inhomogeneous initial condition. As luck would have it, the
Green’s function for an initial condition is the Green’s function for the source term, evaluated at
to = 0, multiplied by the value of the initial condition, and integrated over the domain. Call this
part of the solution wus.

a P H
2(Ta Ha Z) = / / / Gsrc
0 0 0 to=0

Because of superposition, the two solutions can be added together to obtain a solution for the overall
temperature profile.

Upc (7’0, 90, to)dto?”odeodro

20

ch(T(), 90, Zo)dZQT()deod’l“o

U(t7 T, 07 Z) = ul(t7 T, 0) + UQ(T, 07 Z)

First, evaluate u;. Recognize that the boundary condition temperature is constant with respect to
all of the variables. Also recognize that since the normal gradient points out of the object, at the
bottom of the pie where this boundary condition is relevant this is in the —z direction, canceling
the negative signs.

et = [ [ 03525 (57 Yeos () o (57 oin (V)

n=1m=1 [=1
36 o alt— to)("
7rHa2J?n7ﬂ+1 (kpa)

Sz (Kyur) Jmz (Kmiro) +’%)H(t — to)dtoredfodry

Integrating the heaviside function changes the limits of the time integral based on the point where

uy(t,r,0) —uBc/ / /iiism( > ‘n(%ﬂe)sm(mzeo)

0 p=1 m=1 I=1

36om
6

Juma (kmﬂ‘)J% (Kmiro) ol tO)( L ml)dtorodeodro

Next, the exponential function of time must be integrated.

wi(t,r,0) = UBC;)IEQ / /wi i ism (nm> sin (mf) o (meO)

n=1m=1 [=1

t

2_2
n e—a(t—to)(" % +kfnl)

Tor ) (k) |~ o (222 1+ R2)

KB

Todeodro

to=0

J% (k‘mlT’)J% (kmﬂ“o)
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Simplifying,

36a ¥ Oo OO > nrz\ . (mm0\ . [mmb,
uy(t, 7, 0) UBCHQaQ/ / Zsm( >3m< m )sm( m )

n=1m=11
n 1_6_04 (ng +k3nl)

Ty (kma) \ o (% + k)

J% (k‘mﬂ")J% (k’mﬂ“o) Todeodro

Evaluate the integral with respect to 6.

uy(t,7,0) = upc I?_}SQ / Z Z Z sin ( > ' (mlze) me (kml'r’)J% (Kmuiro)

=1 m=1 [=1

—at(nirs g2 (4
n 1 et [_cos <m”90> i} rodr
J%”H (kmia) (”2”2 +k2) P mm %70
Note that
0 - — (-1 — 1
—cos (mz/r} 0) % = [cos (mm) — cos (0)] = Tw ( )m )
Simplifying,

uy(t,r,6) = uBCiW /OQZ n((=1)" - 1)sz'n (n;rlz> sin <m77r9) Sz (Kyyr) J oz (kmuro)

2_2
(e,

1 l—e rodr
0aTo
J%—H (kmia) \ o (%55 + k7))
Rearranging,
—36va nmwz . mmo 1
u(t,7,0) = upc—5—~ TH2a2 Z Z Z sm (?) s ( (0 ) Jmﬂ (i) J%WH (kma)
n=1m=1 |=1 K2 "

1—e O‘t( ? +k2)

@ (58 + 1)

/ Jm (kml’l“()) ’l“od’l“()
0 P

Recognize that the integral of the Bessel function in ry cannot be expressed in closed form with easy
methods. Thus, it is replaced with a symbol, &,,;. These integrals will be evaluated numerically
and tabulated. When evaluating the solution, the necessary amount will be called by querying the
table.

_ =3600 xem o e —1) . (nmzy o (mrd __
U1 (ty T, 0) =UBC—775 5 TH2a2 2; Z Z -, (7) s ( 'I,D ) J%(k‘mﬂ‘) Jg”J-i-l (kmla)
n m=1 [=1 v

| ()

(n27r2+k )

ml
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The function that respects the BC has been found. The next step is to evaluate the function that
respects the initial condition.

ne [ [ S5 () 5 () (2

n=1m=1 [=1

2

36 Ca
Josz (ki) Tz (Kimiro) oot (5

2
WHaQJ%ﬂ (kma) o >H(t — (0))urc(ro, Bo, z0)dzorodBodrg

For positive t, the Heaviside function is equal to 1. As it was for the boundary condition, the initial
condition is not a function of the independent variables so it can be taken out of the integrals.
Evaluate the integral in zj.

ug(r, 0, 2) = uICﬂ_HaQ / ' i i i sin (7) sin (mTWQ) sin (mzeo)

n=1 m=1 [=1

H
—a n?r? k2 TL7TZ() H
J%(kmlr)a]% (kmlT0> We t( nz Tt |: I > E} rodbodro
iz 0
Simplifying,
—36 ¥ Oo 2 nwz mmt mm,
r,0,2) sin ( ) sin (—) sin ( >
( 0 n=1 m= 1; H w w

1

—e_at<732f7752+k’2”l>7’ dbodr,
JZMH (kma) 0TPOTo

J% (kmﬂ‘)J% (l{imﬂ”o)

Evaluating the integral in 6y,

) = o [ 5SS gy () ()
(]

7"0d7"0
0

mi

1 —at("f;erkfnl) B mnby\ ¢
JT(k:mn“)J7 (kmuro) 72 (kmza)e cos "

Simplifying,

36 / 53 Sy D ey (%”9)

n=1m=1 [=1
2 2
1 e—at("HTQr +k72”l>7“0d7“0
2
J%H (kmia)

us(r, 0, 2) = urc

J% (kmﬂ’)Jm’T (/{mﬂ'o)

Rearrange to show clearly that the integral of the Bessel function over ry gives the same issue as
before.




Once again, replace it with &,,;.

0,5 = i 08 S S SN W TN CN ) (e (%”9)

n=1m=1 [=1

1 —at (n 2 +k2 )
Jmzx (k1) —5——— mt
) ( lT) J2m77\'+1 (kmla)e 5 l

Now, the overall solution can be put together u(t,r, 0, z) = ui(t,r,0) + us(r,0, 2).

u(t,r, 0,2) = UBC%;Z(; i i i - ((_173: - 1>Sm (n;r]z) sin (mTWQ>

n=1m=1 [=1

1 | = ot (k)

P (i) \ o (55 +12)

J% (k‘ml’l“) gml

e 3o 3 S AT D ()i (%5)

RS e —— D

Some simplification yields a statement of the analytic solution.

u(t,r,0,2) => )" ) sin <%) sin (m:; ) Jos (ki) — Y (2 m (( ?m )
fi 1 (i

ck2,)

—ugcna [ 1—e ;tf 2 " uic ((=1)" - 1) e—at(”f;f +k3nz)
2 (n =k ) 72 n
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3 Evaluating the average temperature

The next step is to evaluate the average value of temperature on a volume basis, T,,.(t). This will
be done using

Uyor (1) fo fo fo (t,r,6,2)dzrd0dr
‘/pie ‘/;vme
Start by working on the numerator. Substituting the analytic solution into the volume integral,

i~ [ [ [ S ) o0 (2) e

n=1m=1 [=1

+21.1

Tave (t) =

o n2x2 +k3nl)

Emi —36van ((—1)m —1) [ 1— e
—) Uupc 7TH2a2 m (n27r2 + k‘ )

36v (1" = 1) (=)™ = 1) —ar(=5+2.) | 1. d0dr

Rearranging,

[e S lNe S BN S é’m
uvol(t)zzzzm !

2 2
—at(" 5 —Hc?ﬂl)

—36van((-1)"—=1) [1—e

BC n2n2
n=1m=1 [=1 7” 7TH2G’2 m ( + kf )
360 ((—1)" — 1) ((=1)™ — 1) _op(n= ]
e 200 (D =D (0" 1) ()

/// sm n Z sin (m;r@) me(k’mlr)dzrdﬁdr

“36an ((—1)m — 1) [ 1 — ()

Evaluating the integral over z.

u'UO
l ;le; J%}[H kmia) “rH2a? m (n27r2 +k2)
3600 ((—1)" — 1) (1) — 1) _ae(2222 2 )]
B (D D) (1 1) it )
mTa n m
a Y 0 H H )
/ / oin [T Jm= (kpyr) | —cos (%) — || rdfdr
o Jo (0 ¥ H /) nr .
Simplifying,
0o oo 00 Y w222 o
Emi —36pan((-1)"—1) [1—e t(a+h2,)
u'UO
| ;;; Ty (ki) [ P m o (g + k)
36 _1n_1 _1m_1 —« n?x? 2 |
. Ji [EUENEIES
ma

—:I / / Sm( )Jm(k;mlr)rdédr
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Evaluating the integral over 6,

n 7\'2 2
co 0o 00 gml _361/)(1”((_1)111 _ 1) 1— efat< 72 +kml)
Uyo, t) = E E E U -
0 w1 me1 =1 J%’fﬂ (kaa) | 7€ TH?a? m o (5 + k2)

a? n m
P
_H _1 n __ 1 a 0
e / Josz () | —cos ( 222V | 2| dorar
m n 0 Y mm |
Simplifying,
n2m2 2
co o0 o0 fml —36¢Qn(<—1)m . 1) 1—¢ at( 72 +kml)
uvol(t) — ———— |upc

;; 12:; ‘]2”7"+1 (kna) mH?a? m a (néf + kfnl)

Once again, the interesting integral of the Bessel function has been obtained. It is in the same form
as before, so once again it is replaced using &, giving

[ “36gan ((—1)m—1) [1—e (@ *’“w) N 36102 ()" =D (=)™ - 1)€—at(“2”2+k?ﬂz)]

uBc H?
T H2a2 m o (n27r2 + k2 )

Simplifying,

o0 o0 o0

36 Hv)? 2, —1)"—1) (=)™ —=1)\?
uwl(t)ZZZZ ﬂsazzﬁ J%jzkmza) : >n )(« )m ))

n=1m=1 [=1 »
n2w2 2
—an [ 1— e_at( H? +k””) 1 ((=1)"—1) _qu(rniz? g2
UBC n2r? 2 +UIC_2M€ t( H? +k"”>
@ ( H? + kml) d n

This is the volume integral of the dependent variable. However, to find the volume average, the
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nominal volume of the pie must be evaluated. This is done using

a P H
Viie = / / / dzrdfdr
o Jo Jo
a P H
w [ [
o Jo 0
a ¢
Viie = / / HrdO0dr
o Jo
a P
Vipie = H / 6| | rdr
0 0

Viie = Hw/ rdr
0

Viie = H1 [ﬁ /2 ]
0

Viie = Htpa? /2

] rdfdr

Now, the original shift can be undone to obtain temperature, T', from the dependent variable, w.
Recall that T = u + 21.1. On the same step, the volume-basis average temperature is obtained by

dividing the volume integral of the temperature by the volume of the pie.

VO t
Toe(t) = “v—l() 49211
pie

The analytic solution for the average internal temperature is thus

an (1- (5 H) (D" = 1) (25
_ _ 1) 1) (g
UBc 72 - (n;;;2 +k’,2nl) tUurc— - ? ! ]/(HTMLQ/Z)

Where

H = pie height = 0.0381m

1 = pie angle = 40°= 27 /9

a = pie radius = 0.127 m

a = thermal diffusivity = 1.34x1077 4 0.037 [2]

upc = constant temperature on the pie-ice cream boundary = -21.1°C
urc = initial temperature of the pie = 169.6°C

J% = Bessel function of the first kind, of order 2%

¥
ki = 1" zero of Bessel function of the first kind, of order m

&l = foa J%w (kpur) rdr = Bessel function of the first kind, of order 2% integrated from 0 to a

The next step is to evaluate the analytic solution.
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4 Implementing the solution

The objective was to find the time for T,,. to reach 29.4°C, or 85°F. The solution was evaluated
using MATLAB. Since I have a date later, I don’t have time to include all infinity of the terms in
the series solution. Thus, this step is where the solution becomes a numerical approximation.

o

ECH259_clay swackhamer project_solution
2017-12-12
Notes: Runs on click.

o° o oP

o

$Evaluates solution and makes a quick plot

o)

smore plots are in

o

$ECH259_clay_swackhamer_plot_code

tic, clc, clear, close all

fontname = 'CMU Serif'; %to match tex
set (0, 'defaultaxesfontname', fontname) ;
set (0, 'defaulttextfontname', fontname) ;
map = lines; %colors

%% Constants

H = 0.0381; %height, m

psi = 2+pi/9; %$angle, rad

a = 0.127; $radius, m

Tbc = -21.1; %$boundary temp, C
Tic = 169.5; %$initial temp, C
alpha = 1.34e-7; $diffusivity, m"2/s
Vpie = (Hxpsixa”2/2); %pie volume, m"3

%% Numerically evaluate zeros of the bessel function

tableSize = 50; %can't keep more terms than this in the series

k = zeros(tableSize, tableSize); %preallocate

for m = 1:1:tableSize
roots = besselzero (mxpi/psi, tableSize, 1); % (o, nzeros, J or Y)
k(m,:) = roots; % (order, zeros)

%$credit for besselzero is [Greg von Winckel, 2005,
$https://www.mathworks.com/matlabcentral/fileexchange/
$6794-bessel-function—-zeros?focused=5058085&tab=function]
end
k = k/a; %eigenvalues are k, roots are kmlxa

% Numerically evaluate zeta integrals
These are the Bessel integrals that can't be done easily by hand

o° o°

zeta = zeros(tableSize,tableSize);
for m = 1:1:tableSize
nu = mxpi/psi; %order of bessel
for el = 1:1:tableSize
bfun = @(x)bessel]j(nu,x*xk(m,el)) .*xx;
zeta(m,el) = integral (bfun,0,a); %order, integral
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end
end

%% Evaluate temperature, keeping different numbers of terms
%$Set up and preallocate

t85 = nan(1,50);

NtermsRecord = nan(1l,50);

J=1;
Nterms = 1; %terms to keep in solution
t = linspace (0, 3600, 60); %time, full hour on one min intervals

while Nterms < 9
T = zeros(length(t),1l); S%Spreallocate temp for SN
for i = 1:1:1length(t)
u 0; %clear u after each time point
for n = 1:1:Nterms
for m =1:1:Nterms
for el = 1:1:Nterms

coef = (36+H*xpsi”2)/ (pit3%xa”2) .
* (zeta(m,el)) "2/ (besselj((mxpi/psi+l),
k(m,el)*a))"2
* ((-1)"n-1)/n * (((-1)"m-1)/m)"2;

bc = Tbc*x—-n/H"2 * (l-exp (-alphax*t (1)
* (N"2+pi”2/H"24+k (m,el) "2)))
/ ((n"2+pi”2/H"24+k (m,el) "2));

ic = Tic/pi”2 + ((-1)"n-1)/n
xexp (-—alphax*t (1) x (n"2xpi”2/H"2+k (m,el) *2));

u = u + coefx(bc+ic);

end
end

end

T(i) = u/Vpie + 21.1; $volume ave temp in celsius
end
$Find t85
Tf = Tx9/5+32; $convert to F
[~, t85ind] = min(abs(Tf-85)); %$find t85 index
t85(7J) = t(t85ind) /60; $find t85 wvalue

$Find Richardson error
NtermsRecord(j) = Nterms; %number of terms
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Nterms = Nterms *2;
end

%Clean up results
t85 = t85(~isnan (t85))
NtermsRecord = NtermsRecord (~isnan (NtermsRecord))

%% Quick plot for last series

plot (t, Tf)

title('Quick check: Temp (F) vs Time (s)')
toc
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5 Results

5.1 Bessel function zeros

Zeros of the Bessel functions were found using Greg von Winckel’s besselzero.m [3], which uses
Halley’s method. For details on Halley’s method please see [4]. An example plot is shown below,
with the first 25 zeros of the Bessel function of the first kind, of order 18. These zeros are the values
k.o in the series solution.

Zeros of the Bessel function
0.3 T T T T T T T T T

I 0 10 20 30 10 50 60 0 80 90 100

5.2 Bessel function integrals

The integrals that were labeled &,,,; were evaluated numerically using function integrate in MAT-
LAB. A table was generated and saved, and entries were called when building the solution. The
code shown in this report is designed to run everything on one click, so the table is left in the
workspace. The first nine &, integrals are visualized below. Numbers in the title are m,[, and
represent the following integral: [ Sz (kpr) rdr.
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5.3 Cooling time

The time to cool down was evaluated by finding the temperature value closest to 85°F, and then
taking the corresponding time value. All cooling profiles were evaluated on 1000 evenly spaced
time steps between time 0 and one hour. This temperature profile has an exponentially decaying
characteristic, starting at the initial, oven temperature and eventually settling to an value between

0.2

the ambient room temperature and the ice cream temperature.

Temperature, °F

A plot of cooling times for solutions with increasing number of terms is shown below. Results
suggest that the series is converging, and that there are diminishing returns to keeping more terms

as N becomes large.
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Cooling time depends on number of terms
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5.4 Convergence analysis

The error introduced by truncating the infinite series solution was estimated using the Richardson
approach. This involves assuming a model for the difference between the true value of an infinite
sum and its truncation with varying numbers of terms. The error for a series with N terms is
defined as

En =185y — 1854

Where

En = error for a truncated series with N terms

185y = time to reach 85°, as calculated using the series with NV terms
t85,, = true time to reach 85°

The model is given by
Ey =CN”

Where
C, P are constants

Estimates for C' and P can be obtained from evaluating specific series.

85y — 185, = C'(N)¥
1859y — 1855 = C(2N)"

Subtracting these equations yields

t85yn — t85y = C(2N)¥ — C(N)” = CNT (2" —1)

25



Repeating the steps for two another series yields

t85yn — 1854 = C(2N)”
1854y — 1855 = C(4N)"

t854y — 1850y = C(4N)” — C(2N)” = CNP27 (2P — 1)

By dividing the results obtained above, an estimate for P can be obtained.

854y — t85yy  CNP2P(2F — 1) 5P

185,y — t85y  CNP(2P —

1854n — t852N
In(2f) =1
n(27) =n ( 1850y — 185y )
85,n — 185
Pin(2) = In | 222N
1855n — 185n
<t854N t852N>
p— t85o v —t85 N

The constant C' can be found using

1854n — t85an

¢= 2P (2P — 1)

For N = 2, these constants were calculated from the results of the series with 10, 20, and 40 terms
and found to be P = —1.3, and C' = —75.0. Using these values, the Richardson error of the best
solution that was evaluated (40 terms), was calculated using

Exv = CAN)Y = —75.0(4 + 10)"*'? = —0.57min.
The L2 Richardson error, L2 was also calculated for initial temperature, 70 using
L2y =T0on —TOpN

The log of this error was then plotted verses the log of the number of terms in the series solution.
The expected behavior is a linear decrease.
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Initial Temperature L2 Error

O Data
Linear fit

In(err) = -1.7345%In(N) + 5.1351 .
R? = 0.9993

In(L2 error)

—
T

0 0.5 1 L5 2 2.5 3 3.5 L
In(number terms)

Using the equation for the linear fit, an estimate for the number of terms required in order to achieve
an error in initial temperature less than a certain value, €, can be determined. For e = 1x10~% it
was estimated that 3.9x10% terms would be required. The largest solution that was actually built
had only 40 terms, so achieving this target could require increased computer resources.
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6 Appendix: code for plotting

o°

ECH_259_ plot_code
Notes: does not run on click

o0 o° oP

Needs results of "ECH_259_clay_swackhamer project_solution"

o°

Visualize L2 error
Whatever values are stored in Lvals will be analyzed

o° o° o°

To run this code for L2 norm of initial temperature,
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%$create a smaller mesh, for instance t = [0, 17;

Lvals = t85;
for 1 = 1:1:1length(Lvals)-1

L2(1) = ((Lvals(i+l) - Lvals(1i))"2)"(1/2);
end
logN = log (NtermsRecord(l:length(L2)))"';
logErr = log(L2)"';

%$Plot data and create fit
figure, scatter (logN, logErr, 20, 'bo'); box on;
[f, gof] = fit(logN(5:end), logErr(5:end), 'polyl');

$Evaluate fit for plotting
fitFun = @ (dummyVar) f.plxlogN + f.p2;
fitvals = fitFun (logN);

hold on

plot (logN, fitvals, 'r-', 'LineWidth', 2)
title('Initial Temperature L2 Error', 'FontSize', 14)
xlabel ('ln (number terms)', 'FontSize', 14)

ylabel ('"In (L2 error)', 'FontSize', 14)

leg = legend('Data', 'Linear fit');

leg.FontSize = 12;

leg.Location = 'north';

p = leg.Position;

%Add annotation with equation and rsquare
dim = [p(1), 0.7x(p(2)), p(3), P(3)];

messagel = horzcat ('ln(err) = ', num2str(round(f.pl,4)), ...
"xIn(N) + ', numZstr(round(f.p2, 4)));
message2 = horzcat ('R*"2 = ', num2str (round(gof.rsquare,4)));

str ={messagel,messagel};

annotation ('textbox', dim, 'String', str, 'FitBoxToText', ...
'on', 'BackgroundColor', 'white', ...
'"FontSize', 12, 'LineStyle', 'none');

$Estimate how many terms we would need to actually achieve
%error less than epsilon

epsilon = log(le-4);

slope = f.pl;

intercept = f£.p2;

estimateN = exp((epsilon - intercept)/slope); S%Srecall x=1n(N)

(e}
%}

%$% Visualize t85 vs N
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figure

scatter (NtermsRecord, t85, 30, 'bo', 'filled'); box on
title('Cooling time depends on number of terms', 'FontSize', 16)
xlabel ('N', 'FontSize', 16)

ylabel ('Time to reach 85¢r (min)', 'FontSize', 16)

%% Visualize Temperature profile

o

o

figure; hold on
plot(t, Tf, 'o', 'MarkerFaceColor', map(l,:),...

'LineStyle', ':', 'LineWidth', 1.5, 'MarkerSize', 3);
x70 = [min(t), max(t)];
y70 = [70, 7071;
plot (x70, y70, 'LineWidth', 1, 'LineStyle', '—-=");
X32 = [min(t), max(t)];
y32 = [32, 32];

plot (x32, y32, 'LineWidth', 1);
scatter (t (t85ind), 85, 200, 'p', 'filled")

leg = legend(strcat ('Solution, N = ', numZstr (Nterms)), ...
'T room = 70rF', 'T ice cream = 32rF', strcat ('t85=', ...
num2str (round (t85(end), 1)), 'min'));

leg.Location = 'northeast';

leg.FontSize = 14;

xlabel ('Time, (min)', 'FontSize', 106)

ylabel ('Temperature, rF', 'FontSize', 16)

title ('Volume average temperature of pie', 'FontSize', 16)
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